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FOREWORD

The Professional Development Center is the primary source of young

civilian engineers and scientists for the Naval Air Systems Comand.

At one point in their training program, they undertake an original Special

Project as part of the requirements for an accelerated promotion. Some

of the reports on these special projects have been both interesting and

informative, and deserve somewhat wider distribution. The results pre-

sented herein are not intended to reflect official US Navy policy, nor

necessarily even the views of the Naval Air Systems Command. The results

of the Special Project are presented herein because they are interesting,

and because they may constitute a small c)ntribution to the literature.
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ABSTRACT

Non-combat aircraft accident statistics indicate that a direct

relationship exists between the number of accidents and accumulated

flight hours or similarly between the accident rate and accumulated

flight hours for each model of military airplane. This paper inves-

tigates the feasibility of relating accident rates directly to the

total number of past accidents.

Based on the pure birth process a method for predicting aircraft

accidents is presented. Application of this procedure to various test

cases shows interesting and useful results. One definite conclusion

that can be drawn is that with two or more years of flight and accident I
data, future aircraft accident rates can be predicted with fairly

reliable accuracy.

Future studies based on these same procedures will delve into

further relationships that may exist between aircraft characteristics

and other relevant accident factors.
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INTRODUCTION

United States Navy and Air Force statistics of non-combat air-

craft accidents indicate that for each model aircraft some direct

relationship exists between total number of accidents and accumulated

flight hours or equivalently between accident rate and accumulated

flight hours. Many studies have been conducted in the past to discover

the nature of this relationship. The present study investigates the

possibility of relating accident rates directly to total number of past

accidents (instead of accumulated flight hours). The relationship

between accident rate and accumulated flight hours thereby appears only

as an indirect consequence of the relationship which exists between

accident rate and number of past accidents.

A specific method for predicting aircraft accidents is proposed

based on the pure birth process. A sample case is set-up and run to

demonstrate the usefulness of the theory and the computer programs.

Alternate approaches to the problem are presented for comparison and

evaluation purposes. The method used for a specific case may depend

on the trends demonstrated in the data.

All references in this report to aircraft accidents apply to non-

combat aircraft accidents unless otherwise stated.

4.4



I. THE THEORY AND ASSUMPTIONS

The U. S. Naval Aviation Safety Center's statistics for aircraft

accidents are presented by quarters for the years 1954 to 1962 and

annually thereafter up to the present. For each reporting period, the

number of flight hours or landings and corresponding number of accidents

under various classifications (by aircraft model, Jamage and injury

classes, fleet, etc.) are tabulated in the reports. Th; Safety Center's

reports have been undergoing continual improvements and expanded cover-

age over the years so that there are certain items found in later reports

that are missing in earlier reports. For purposes of this unclassified

report, it shall be assumed that the flight hours T' and number N' of

accidents of a specific aircraft model for a statistically significant

number m' of consecutive report periods can be extracted from the Safety

Center's reports and can be displayed as follows.

TABLE 1. Initial Data

Report Period Number of
Number Flight Hours Accidents

1 T1' N1

2 T' N'
2 2

m m

The report periods are not necessarily of the same lengh. This section

discusses the basic statistical model assumed in this report for the

analysis of such data.
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The cumulative number n' of accidents and flight hours t' are

defined for K = Ol,2,...,m' by n' 0, t; 0 and for 0 < K S'.

nK N' + N; + .. + NK

, T' + T' + ... + T'
K 1 2 K

When n' is plotted against t', the resulting points usually appear to

fall in a neighborhood of a continuous curve. (See Figure 1.) The

object of this study is to find a method of defining the underlying

curve so that conclusions regarding accident rates may be derived from

it.

The method of analysis employed in this report requires that for

each period J, j = 1,2,3,..., the number of accidents be positive,

N > 0. The data is therefore modified to eliminate any periods where

Nj' = 0 by the following rules. If the number of accidents begins with

a string of zeros, N1 - Nj N - 0, followed by N+ > 0, set

T' + T' + "'" + T' + T'+l

as the flight hours for a combined first period with NK+l accidents.

If N ' > 0 is followed by a string of zeros, N'+i - N1+ 2 =...- N1+K - 0j

and N' > 0, set
J+K+1

T' +T' + ... + T'j+l j+2 j+K+1

as the flight hours for a combined period with N' accidents. If

N' > 0 is followed by a string of zeros, N' - N' -... -N+ -0 and

j++ +2 J+K 0 arf

N+K is the last entry, disregard all data after period J.

3
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Since the U. S. Navy statistics on accident rates are given in

units of the number of accidents per 10,000 flying hours, the data must

be further modified so that the flight hours are reduced to units of

10,000 hours.

TABLE 2. Modified Data

Flight Hours Number of
Period x 10-4 Accidents Rate

1 T1  N1  NI/T 1

2 T 2  N 2  N 21/T2

m T N Nm/T m

Finally for K = 0, no = 0 and to = 0, and for 0 < K Sm,

nK NI + N2 +... + NK,

tK - TI +T +.. + TK .

The plot of tK versus nK (see Figure 2) looks like the original plot of

' v n' (Fure 1) except that points (t', nW) which show no increase
tK versus nK

of n' with time t! have been eliminated and the accumulated time hasonK tjhv

been altered by the factor 10-4.

Now that the problem to be investigated is set up, it is necessary

to explain the theory that applies to this type of situation.

A stochastic process is ain indexed family of random variables Xt on

a probability space with index t ranging over a suitable parameter set T.

5
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The state space of the process is a set S in which possible values of

each Xt lie. In the particular case being dealt with in this report,

S - {0,1,2,...} where the integers 0,1,2,... represent the accumulated

number of accidents, so the process is called integer valued or a dis-

crete state process. If T - [0,-), as in this problem, where t is

j interpreted as accumulated time, then Xt is a continuous time process.

A sample function of a stochastic process {Xt, t e T) is an assignment,

to every t c T, of a possible value of Xt. Given the value of Xt, such

that the values of Xs, s > t, do not depend on values of Xu, u < t, then

the stochastic process is Markovian. That is, a process is Markovian

if the probability of any particular future behavior of the process,

when its present state is known exactly, is not altered by additional

knowledge concerning its past behavior:

Pr {a < Xt < b I Xt =X 1 , Xt x2 , , Xtn  Xn}

- Pr {a < Xt .b I Xtn = Xn

where t < t <...< t < t. The function
r <2 n

P(x,s;t,A) = Pr {Xt cA Xs x}, t>s

is called the transition probability function. A Markov process has

stationary transition probability if P(s,x; t,A) is a function only of

t - s. For the special case where A is the one point set {j},

Pij(t) - Pr{X(t+u)-JIX(u)-i}, i,j-0,1,2,...

is the transition probability function for t>0 and is independent of

u > 0.

7



One example of a continuous time, discrete state, Markov process is

the Poisson process. If the sample function Xt counts the number of

times a specified event occurs during the time period from zero to t,

then each possible Xt is represented as a nondecreasing step function.

The specified event occurs first at time t1 , then at time t2, at time

t3 , etc.; so the total number of occurrences of this event increases

only in unit jumps, and X0 - 0.

The postulates relating to the Poisson process are:

(1) The number of events happening in two disjoint intervals

of time are independent. Suppose to < t1 < t2 <...< tn , then increments

Xtl - Xt0, Xt2 - Xtl,... , Xtn - Xtn-I are mutually independent random

variables.

(2) Random variable Xto+t_Xto depends only on t and not on to or

on the value of Xt0 .

(3) Probability of at least one event happening in a time

period of duration h is

p(h) - Pr{X(t+h) -X(t) - 1 I X(t) - x}

- h + o(h), X > 0.

(4) Probability of two or more events happening in time h is

o(h). This excludes the probability of the simultaneous occurrence of

two or more events,

(5) X(O) - 0.

Using these five postulates it can be proven that Xt has a Poiaon

distribution with parameter Xt for every t as shown by Karlin in A First

Course in Stochastic Processes (pp 14-16).

8



Let Pj(t) denote the probability that exactly J events occur in

time t,

Pj(t) - Pr (X t = J), J=O,l,2, ....

Postulate (4) can be written in the form

Pj(h) - o(h)

j-2

and clearly

p(h) - P (h) + P 2(h) +

Due to the assumption of independence in Postulate (1)

P (t+h) P (t) P (h)

= P (t)(l-p(h))

and so

Po(t+h) - PO(t) p(h)
h h-Po(t) h

On the basis of Postulate (3)

4h) +

h

Therefore probability PO(t) that the event has not happened during (O,t)

satisfies the differential equation

OPoI(t) = -APo(t)

Uwhose solution is
Po(t) - ce - Xt.

:1 0



The constant c is determined by the initial condition

Po(O) - 1,

which implies that c-i. Thus

PO(t) * e-Xt.

Next calculate Pj(t) for all j

J
P (t+h) - P (t)P0 (h) + Pj_l(t)P 1 (h) + £ pji(t)Pi(h).i-2 J

By definition

Po(h) 1 - p(h).

Postulate (4) implies

P1 (h) - p(h) + o(h)

and

Pi (t)PIL(h) I E Pi(h) - o(h)
i2 i-2

since

Pk(t) _ 1.

By rearrangement

P (t+h)-P (t) - P(t)(Po(h-l] + Pj.l(t)P I (h) + pj-,(t)Pi(h )
i=2

W -P (t)p(h) + Pj.(t)PI(h) + 1-2 j tWP(h)

= -XPj(t)h + APj-l(t)h + o(h).

10



Theref ore

P1 (t+h)- Pi(t) ,-APjt + APj...(t), s h *0,

resulting in

p (t) - -Apj(t) + xp1 ..(t), j 1,2,

which is subject to the initial conditions

P (0) - 0, j - 1,2,

To solve this last differential equation substitute

Qj(t) - Pi(t) ext, j -0,1,2p...

into the differential equation P J' (t).

Then

Qj'(t) - )Qj.. 1(t), j 1,2,

where

QO(t) -

and the initial conditions

Qj(O) -0, W 1,2t,.

Solving Qj'(t) recursively

QI1(t) -A or QI(t) - At + c so Q1(t) - At,

Q() X2 2 + C so Q2(t ) A2 2t

0t

QJ (t)

0 00



Therefore

Pj(t) -- e- t
J!

That is, for every t, Xt follows a Poisson distribution with parameter

At.

The pure birth process is a generalization of the Poisson process

in which the chance of an event occurring at a given instant of time

depends on the number of events that have already occurred.

A Markov process satisfying the following set of postulates is

termed a pure birth process as stated by Karlin in A First Course in

Stochastic Processes:

(1) Pr{X(t+h) -X(t) - 1 X(t) - k} - Xkh+Ol,k(h) (h O+)

(2) Pr{X(t+h) -X(t) - 0 X(t) - k} - l-Akh+O2,k(h)

(3) X(O) - 0

(4) Pr{X(t+h) -X(t) < 0 I X(t) - k - 0, (k. 0).

Define

PJ (t) - P{X(t) - Ji.

A system of differential equations satisfied by Pn(t) for t > 0

can be derived:

PO (t) = -XoP 0(t),

pj - -xjP (t) + xiPJ(0) J 1

with boundary conditions

P (0) - 1

12



and

P 0 0, > 0.

If h > 0, j .l and by use of the law of total probabilities, the Markov

property, and Postulate (4)

*Pj(t+h) =Z Pk(t)Pr {X(t+h) j X(t) Qi
k-0

r Pk(t)Pr {X(t+h) -X(t) - J-k IX(t) -kJ

k-0

k0Pk(t) Pr {X(t+h) -X(t)- J-k IX(t) Q I.

* For k -0,1,2,..., n-2

Pr {X(t+h) -X(t) -n-k X(t) -k)

SPr {X(t+h) -X(t) > 2 IX(t) Q k

0o.(h) + o 2k(h)

or

Pr {X(t+h) -X(t) -J-k IX(t) k)d 03,jpk(h).

So

Pj(t+h) -Pjt M [1)Ljh + o2,J(h)] + Pj-..(t) [Aj...h

+ o1,j(h)] + E- P k(t) 03 ,j,k (h)

kwO

or

Pji(t+h) -P i(t) -PJ(t)[-XJh+0 2 ,j(h)] + jt[jl

+ oi,j...(h)] + oj(h)

13
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where

,i -) o
h-*O h

n-2
uniformly in t . 0 since on(h) is bounded by the finite sum E 3,j ,k(h)

k-0

which does not depend on t.

Po(t+h)- PO(t) Po(t)[-,oh+o2  (h)]

llaPj(th).P1 () lm j t)[X-h+2 _I(h) ]+Pj,..) [k 1.o , 1(h) ]+oi (h)

li PJ(t+h)-pi t) in !li[Xh0. lt[j +
h+O h h+O h

-A P1 (t) + ,j-iPj-J(t)

so

Po'(t) - -_AoPo(t)

and

Pj'(t) = -XjPj(t) + 1jl l(t).

Solve this infinite set of differential equations with the initial con-

ditions by using the integrating factor e-XJt for the set Aj > 0

P o(t) - e7XOt,

Pj(t) - Xjj. e-Jt ft ""JX dx, .1 - 1,2

Stating the postulates of a pure birth process in terms of aircraft

accidents produces the following assumptions:

14



(1) Of the nk accidents occurring up to accumulated time tk,

the last one occurred exactly at time tk.

(2) The occurrence of accidents follows the pure birth pro-

cess with rate An, n a 0,1,2, .... If Pn(t) denotes the probability

of exactly n accidents, n - 0,1,2,..., by accumulated time t, then

(i) PO0 (t) - JE- Po(t) -A - Po(t) f
d

(ii) Pn'(t) d Pn(t) - xnPn(t) + AnlPn.l(t), 1 . 1

where

Po(O) -1

and

Pn(O) -0, n >_1.

The time Tk between the nklth and nkth accident has expected value

nk-I

c(Tk) I A
Jnk. I

The plot of nk versus tk (Figure 2) is approximately the functional

relationship between the expected value of tk (W(tk)) and nk (regression

of tk on nk) where

C(tk) - c(T1 + T2 + ... + Tk)

, E(T1) + c(T2 ) + ... + e(T k)

n1-1 n2-1 nk-1
E + A

J.O A jn lj XJnk-l Aj

nk-I 1

j.o A •

15



After examination of several plots of nk versus tk (= e(tk)) for air-

craft accident data, the functional relationship

An = a + yjn, n=O,1,2,...

was chosen to express the relationship between nk and Ank.

If a 2. 0, y 2. 0, and 0 < p < 1, then u is the limiting rate; % + y

is the initial rate; and pn is the fractional part of y remaining after

the nth accident.

If 1 -, then

An a + y

= A,

A being a constant. This is the case where the number of accidents up

to accumulated flight ti= t has the Poisson distribution with parameter

At, and the accumulated flight time up to accident number n has the gamma

distribution.

If y > 0 and p > 1, the number of accidents as a function of t will

blow-up, i.e. there will be a positive probability that the number of

accidents will become infinite in finite time.

If a - 0, y > 0, and p <1, the rate

An = y11n

will approach zero as a limit, but the number of accidents as a function

of t will be unbounded (logarithmic increase).

16



II. ESTIMATION OF THE ACCIDENT RATE PARAMETERS

For data such as chat indicated in Table 2, when the accident rate

between the nth and n + 1st accidents is taken to be of the form

Xn =a + yun, n a 0,1,2,...,
4n

the computations described in this section will tesult in a least squares

estimation of the unknown parameters a, y, and p. The choice of a quan-

tity Q = Q(a,y,p) to be reduced to a minimum by the solution a, y, and p

is motivated by the formula

nk-l
c(Tk) - ZJ-nk_1  X

discussed in section I, and a desire for a close fitting cumulative num-

ber of accidents versus cumulative flight hours curve to the data points

of Figure 2.

The least square estimates of a, y, and p will be taken to be those

which minimize the quantity

m nk-l 1
Q { k )2

k-l j-0 ,,0

m

=- E Ek2.
k-l

The minimizing a, y, and p are to be found by refining some initial

estimates aO, YO, and p0 by Newton-Raphson iterations. Initial estimates

may be obtained by examining a nk versus observed accident rate Nk/Tk

17



(see Table 2) scatter diagram. With approximate smooth values of the

accident rate for nk 0 0, nk - some intermediate value, and nk =

(assuming p < 1), solve for a,, yo, and 4O"

The minimizing a, y, and pfor Q satisfy the equations

. as. 1.A._ .0.a a y 3 aP

On the other hand, for points (a, y, p) generally, in a neighborhood of

( o p 0 O), the Taylor expansion of 3 about the point (czY, 0 0)

is given by

ta 12 (Y 2

(Im ( ) 0+ ((c La 0+ ( o

+ (V " PO) C -)0 + higher order terms,

where ( )0 denotes the value of the function enclosed within the

parentheses at the point (c 0, YO 40)". N and a have similar expan-

sions. (Formulas for all of the first and second order partial derivatives

of Q are found in an appendix). Setting the left side of each of the

expansions to zero (since a point with '- . -. - 0 is being sought),
3a ay 3IJ

dropping higher order terms, and rearranging what remain, lead to the

system of linear equations

a2 2Q9 B2Qa
( - aa o + (Y -Yo) May )o + (v - POX aaa)o )oct

(- ))(_ + ( -Y0 )( i 2  ) + (P V )( - o) -( N )

(ay
0 a 0 0 Y2 0 0 o a o0

18
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(a -%) cc + ( - o) Y -  ) + ( I ' o) L-  )  32(

+ ir- O ayau 31 au~2~

whose solution (Ol, Y10 P,) should be an improved estimate of the point

where each of the first order partial derivatives of Q vanishes.

When the above computations are repeated with a,, T1, and p, re-

placing a,, y0, and p0 wherever they occur in the description, a third

approximation (a2, Y2' P2) is obtained. The process can be continued

indefinitely. The sequence of apprnximations (ai, Yi, pi) for i-0,1,2,....

converges to some (5, -f, V) which satisfies the equations

aa ay ap

provided the initial approximation (a0, yO,vO) is sufficiently close to

In the computer program written for the above computations, the

system of linear equations is considered to be in the variables (a - ai),

(y - yi), and (1' - "i) (for the ith iteration where ( )i replaces ( )0

for the coefficients of the equations) and the system is solved by

Cramer's method. Then ai, Yi , and vi are added to the solutions to

obtain ai+l, yi+l' and ui+ 1 . The partial derivatives of Q vanish at

extermals other than (local) minima. To insure a correct solution set,

the program prints out i, yi, pi, and Qi after each iteration for the

programer's inspection, if ai+l, Yi+l, Pi+l yield a Qi+l S Qi, the

program continues to iteration i+2. If Qi+l > Qi, or Qi+l - Qi = Qi-l,

then a - ai, y y 7i, p p Pi are taken ad the solutions. However, if

19
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Q, > Q0, i.e. an increase in Q results on the first refinement of (ao,

Y0- 0), an error message is printed out and computations are halted.

In this case new trial values for aO, yo, po must be entered. Solutions

are obtained in about 6 iterations.

After a, y, and p have been found, the computer program proceeds

to compute and print out the expected cumulative flight hours to accident

number n,

n-l 1
£(tn) -E

J.0 Xj

and the accident rate

Xn = a + yjn

for n - no, 2no, 3no, ..... (no is an input to the program which is chosen

to be 10 in the sample case.) Plots of n versus c(tn) and Xn versus E(tn)

should be made and the data points of Table 2 should be superimposed on

the plots as a check.

20
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III. APPLICATIONS AND EXTENSIONS OF THE THEORY

The method of analysis that has been presented in this report

could be used to evaluate a wide variety of data that relates, or

appears to relate, to aircraft accidents. In each case, cumulative

flight hours (time) would be used as the independent variable. Various

sets of graphs can be compared for indications of trend.

A point of departure for a first analysis of a set of accident data

can be the cumulative number of aircraft damaged. The graphs of this

preliminary phase for several different models of aircraft may indicate

other types of evaluation and comparison that should be conducted. For

example, various models of fighter (or bomber or cargo) type aircraft

may be compared to see which models have lower accident rates. The

conclusions that are drawn from this examination may lead to the scruti-

nization of still more specific aircraft characteristics, such as single

engine versus twin engine, afterburner or no afterburner, and aircraft

weight.

The initial sets of data can be broken down into the five aircraft

damage classifications as specified in the "Navy Aircraft Accident,

Incident, and Ground Accident Reporting Procedure" (OPNAV Inst. 3750.6F

of 15 March 1967):

(1) ALFA, alfa damage (destruction or loss)

(2) CHARLIE, substantial damage

(3) DELTA, minor damage

(4) ECHO, limited damage

(5) FOXTROT, no damage.

21



These cases may point out something about the nature of accidents in

which a particular model becomes involved. For instance, it may be

indicated that an aircraft is highly prone to accidents resulting in

limited damage (ECHO). This result, in turn, may warrant the inspection

of the phase of operation in which the accidents happen. Phases of

operation could be classified in the following manner:

(1) Static (engines running), incident to flight

(2) Taxiing, incident to flight

(3) Takeoff

(4) Inflight

(5) Landing

(6) Waveoff (go-round)

(7) Nonflight.

For use by the Navy, it may be of particular value to look at the

statistics relating to embarked and disembarked aircraft. These

statistics could then be broken down into questions about such matters

as the type and size o. the carrier and the length of time that the

carrier has been deployed. An increase In accidents as the time deployed

increases may indicate an increase in the operating rate and commitments,

over-confidence on the part of pilots and crew, fatigue, and anticipa-

tion of the approaching rest and recreation, all of which could be

termed unmeasurable factors. Carrier based causes which could be checked

might include differences in the methods of carrier operations; carrier

operations personnel, such as LSO (landing signal officer), training

experience and rating; pitching of the carrier deck; and CVA.
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The number of years an aircraft has been in service and the length

of time since major overhaul could present some interesting graphs.

These could bring into play statistics about material failure, malfunc-

tion, quality control, and maintenance procedures. Also, effects of

the use of special equipment, machinery, and aircraft support equipment

utilized on the aircraft and the ground base may be worth noting.

Other flight related variables that could be considered are the

time of day or night of the flight; season of the year; weather condi-

tions including wind, sea state, cloud coverage, ceiling visibility,

temperature, and dew point; length of time in flight; and flight altitude

and airspeed at the time of the accident.

The pilot being such an important variable in flying may justify

comparison of data based on facts like total pilot time, years of

military flying, pilot rank, pilot time in the specific aircraft types,

pilot time in the last three months, and night pilot time in the last

three months.

Another class of accidents that occurs involving aircraft (not

incident to flight) is ground accidents with non-aircraft vehicles.

Areas for study in this situation might include causes like improper

action by the operator, mechanical failure of equipment, improper

operator action accompanied by mechanical failure, unforeseen occur-

rence, and personnel other than the equipment operator.

By plotting several related r-urves using accumulated aircraft hours J

as the axis of abscissa will, hopefully, reveal some relationships
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between people and other aircraft accident factors. These results may

then be used in decisions about matters such as aircraft selection, size

of aircraft inventory, airframe spares procurement, pilot selection, and

carrier operation iethods.
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IV. ALTERNATE APPROACHED TO THE PROBLEM

The analysis of aircraft accident information is of great and

immediate importance to the U. S. Navy, as well as the U. S. Air

Force. Studies are constantly being conducted to find ways to evaluate

the available data in order to come to conclusions and decisions con-

cerning non-combat aircraft accidents.

Some of the studies and evaluations conducted are discussed here

to show other approaches that have been used in the analysis of aircraft

accident data.

The use of plots of cumulative accidents as they occurred in time

in aircraft accident analysis is well known. If the curve for the given

values closely approximates a straight line, the accident rate is con-

stant (see Figure 3). When the accident rate is a constant, i.e., the

hazard function given by:

h(t) f(t)
1- F(t)

is constant, say h(t) X A, then

f(t) h(t) [I F(t)]

h(t)exp[ - h(t) dt].

Denote the slope of the graph by A, so the density function becomes

f(t) - Xexp(- f' Adt]

X exp{- [Xt]t
0

X Aexp(-Xt).
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FIGURE 3

CUMULATIVE ACCIDENTS AS THEY OCCURRED IN TIME
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f(t) represents the exponential probability function where A is the rate

of accident occurrence.and 1/X is the mean time to occurrence.

The maximum likelihood estimator for the sample occurrence rate

is normally distributed about the true rate, since the distribution of

the sample mean is asymptotically normal as the sample size approaches

infinity. A confidence interval about the true mean is needed since

the true variance is not known. Using

S

where t is distributed with (n-i) degrees of freedom, A is the sample

mean, S is the sample standard deviation, A is the true accident rate,

and n is the number of accidentsj then

a±fc/2 S, • sI

gives a (1-a) confidence interval for the true aircraft accident rate A.

Another method of attacking the accident prediction problem in-

volves the systematic investigation and evaluation of statistical infor-.

mation in order to derive a eingle equation (or perhaps a set of equations)

which can be used to estimate aircraft attritfo

This is the process used by T.E. Anger in The Estimation of

Peacetime Aircraft Attrition, a Center for Naval Analyses research

contribution. The variables Mr. Anger felt affected total attrition of

forces of aircraft included:

(1) Total flying hours of aircraft force

27



1 (2) Proportion of total flying done from carriers

(3) Empty weight

(4) Maximum speed

(5) Number of engines.

From the results of statistical measures, the variables listed above

are incorporated into an attrition-estimating equation (the actual

equation is classified).

W.E. Mooz assumes that the cumulative number of aircraft destroyed

is a function of the cumulative number of flying hours (dependent varia-

ble) in his Rand Corporation Memorandum Relationships for Estimating

Peacetime Aircraft Attrition. This function appears as a reasonably

straight line on log-log paper, and therefore demonstrates that the

cumulative number of aircraft destroyed is a decreasing exponential func-

tion of the flying activity of the aircraft. Mooz states this is

"evidence that the attrition pattern of a given type and model of air-

craft was subject to an orderly learning process which continues through-

out its flying life". The exponential function y=axb is used to approximate

the accident curve.

According to this study conducted by Rand, the quarterly attrition

rate is not as useful a variable as many people think. Quarterly attri-

tion rates do not involve equal flying times, and the number of hours

flown varies for the different models. Since flying programs differ,

there can be no true comparison between quarterly attrition rates, and

also attrition does vary over the flying life of the aircraft. To
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summarize, Mooz says that "attrition rate is awkward from a statistical

standpoint".

A general conclusion is made by A. J. Gross and Milton Kamins in

Reliability Assessment in the Presence of Reliability Growth. They show

that there is no evidence that would lead to the generalization that the

age of any fighter should result in any increase in accident rates, pro-

vided normal preventive mainrt .ace and product improvement are continued.

Three statistical examinations of accident and attrition data for

jet fighters is presented and compared by Milton Kamins in Jet Fighter

Accident/Attrition Rates in Peacetime: An Application of Reliability

Growth Modelling. In the first model, the reliability, Rk, at any

stage k of the process is given by

Rk = R - -C
k

where R is the ultimate reliability and c is the total amount of relia-

bility growth that can be achieved from stage I to stage infinity (i.e.,

R- RI). Accident rate (unreliability) can be treated as the complement

of accident reliability which is very close to 1.0. Accident rate, F,

is expressed as events per hundred thousand flying hours or hundred

thousands landings.

kk

where

c F F
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so

F+,k

LetF .0

log Fk log c -log k

and

Therefore

log Fk -log F, '-log k.

Maximum likelihood estimates are then developed for the parameters F.

and c in this hyperbolic model of reliability growth. For cases eval-

ulated by this model, landings rather than flying hours are used as a

measure of exposure, since they appear to be a better indicator of risk.

Where material failure is a contributing cause to accidents, the accident

rate seems to be a function of the number of years in service. In order

to cause the model to appear as a straight line, the independent variable

is the reciprocal of the number of years in service (see Figures 4A and

4B). With this type of graph, comparisons can easily be made between

aircraft which involve carry-over technology and experience. Comparison

of these figures A and B show that even though the ultimate accident

rate, F. , is near zero for both aircraft, it is sufficiently higher in

B than in A to cause the curves to cross at about the 8-year point,

Thus it is shown that even though there is improvement with calendar
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FIGURE 4A

AIRCRAFT ACCIDENTS AS A FUNCTION OF THE NUMBER OF YEARS IN SERVICE
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FIGURE 4B

AIRCRAFT ACCIDENTS AS A FUNCTION OF THE NUMBER OF YEARS IN SERVICE
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time, the second aircraft becomes more prone to material failure accidents.

Other comparisons can be made to indicate material reliability, such as

the fraction of all accidents in which material failure is a factor by

years. The same graphs and evaluations can also be made for all causes

of accidents.

The second model of reliability growth examined is the (negative)

exponential model in which the reliability Rk at stage k of a develop-

ment process can be expressed as:

Rk = 1 - me-

a represents the total amount of growth that can be achieved from stage

zero to stage infinity, and 0 is a measure of the rate of growth.

A third model, called a learning curve, states that the total

number of accidents (or losses) Lx depends on the total usage x (flying

hours or landings).

Lx - AxB

where A is the risk for the first flying hour or landing, and B is the

complement of the rate of learning. The parameters are estimated by a

weighted least-squares technique.

Kamins' three models are compared on the basis of a chi-square good-

ness of fit test of the observed data by year against the predictions

of each model with parameters estimated from the data. Results of the

evaluations and comparisons of the three models show that the hyperbolic
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model of reliability growth is preferable for three reasons. It seems

to represent trends more accurately, is easier to use, and useful con-

fidence limits for past experience or future projections of accident or

attrition rates can be calculated.

John M. Cozzolino deals with the infant mortality effect of statis-

tical reliability theory in a paper titled Probabilistic Models of

Decreasing Failure Rate Processes. Infant mortality implies a decrease

of the conditional probability of failure of a device with increases in

age. Cozzolino compares his four models of decreasing failure rate pro-

cesses based upon the population heterogeneity hypothesis and incorporating

explicit repair assumptions (see Table 3).

The various models presented could be used in predicting different

aspects of aircraft accidents. For instance, the component variability

model could be used in predicting the aircraft accidents which will re-

sult in total destruction (non-repairable).

All the methods and models that have been described have some

theoretical application to the case of aircraft accident prediction.

Each has its advantages and disadvantages, so it is necessary to choose

a method (or methods) that most accurately fits the situation being

evaluated.
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V. COMPUTER PROGRAMS

The following are listings of the two programs used in this

analysis.

The first program finds a linear solution to a set of equations

by Cramer's Rule. The second program modifies the input data, mini-

mizes Q, and determines the parameters a, y, and p.
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Ll"Al FO~RIILITj"

PUT:Er1s0o' D,(3,1i),DET(4)
DO Ii~ 1=1,
1;~ (I,) =A(J,J)

Do 6 1:=, 4
DO 20 11, 3

2 2

J 2

DEMO

DO 5w" L=2,C
DETVr1)= EI!R*,,

JJ = J
30 1

I INJ
flO TO 50

4~ mp J = I
I= %JJ

50 R - P,
DO 60 1=1,3

-0 r AI t!)
DO070 1=1,3

70 SC!) DFT(I)/DET(1,,)
RETURt:
END
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REAL I ACT, I LAM, fJ, JfU2 *J1rW, J2 l2, LAC, LAJ.LAJ2, LAJ3, LAN 10,

DO WiG IrASE1l,4
WRITE (M.10) 'CASE

10 FOR1MAT (////*391:,5!CASE 1I1)
TEULM
READ (5,20 III

2 0 FOP.I-MAT (C
I=
TT =0

DO 90 J=1,11-1
READ (5,3;) T(,I),r;CJ)

3 0 FORMAT (21 10.02
TIMJ = T(J
111l(J) = N

It J' WRITE (6,50)
50 FORMIAT (/,.2ElII (IK) SHOULD MIOT 3E NIEGATI VE)

URITE (G6,60) K..1101)
G60 FORMAT (10iX,'WI( = , IG,4X,7I11!(K) FO )

GO TO ItG0
1 70 TT = TT.T(J)

GO TO 90
80 TMI (TT+T(J))*TEIIlt

RATE(I = 1(I/TI)
1 1+1
TT 0.

90 COIT I NU E
CM = TM

CN(1) = HM~i
DO 100 1 2,il
CT(I= CT(I-1)+T(I)

t00 CN( I) - CH( I-1)+(I)
WIRITE (G0,105)

1.05 FORMIAT (/,oX,1fIIII!IPUT DATA,17X',.25lt1ODIFIFD CUMULATIVE IINPUT,.
15H1 DATA)

WRITE (6,11.0)
110 FORMAT (/,4X,6HNlU;IBER.,8X,8IIAIRCRAFT,8X.GH U.1BER,5X,9IIAIRCRAFT

15IIH-OURS, li, BIACCI DENT)
WRITE (6,115)

L15 FORMIAT (1311 OF ACCIDENtlrS,7X,.5IUIOUIIS,6X,.12IOF ACCIDEfITS,ZX,.
110lHX 10**(-lI0,8X..lRATE)

DO 120 1=1,M 
'E120 WRHITE (G,130) I (I ),.TI (I ).,CiI(I),.CT( I )..RAEI)
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!4

IF (1:;)137,137,133
133 "NU

DO 135 r:,r
135 URITF (6,13") ftI(j1,TI(DTAlAOLY,1

12911 PEP.ICEDS 1!IM!, IS LESH TIHAr 3)
GO TO 116,

17~ FOIl"..' (/,521' 1I::ruT :r:'ITIAL A,!D FI!AL RATE' AND I!NTEP.IATE RAT

175 FORI'AT (291' ACCIPU!TS IJSItr FOP!'AT 4~F5.,I)
RlEAD)(,~ LAf),AL), LAC,Cf!A

MiC = (LAC-,ALf))/PAO
Ur= ALer (nCP/IA

NO= EXP(L!'P
'R I TE (6, 22

2 P0 FOflIA,"T (1,2i,2!~CE~ APP.OX I 'ATI O!S)

JPASS 0
ALl = 0
nAl =.

Q =991C9090999
2 30 Q1 Q

DO 260 1'=1,1:

E(K) 0.
EG(IK) 0.
EI!(K) =0.
ENO'%) = 0.
EAA (K) = 0.
EGGt1(K) = 0.
EAGtl(K) 0.

* EAGi() 0.
EGI11() =0.j EGIII(K) =0.

Eli = O**
240 J J+1

tlJ2 = tlIJ*Iid
JftJ = J*flJ
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J2fldJ2 =J*J:'J2
jltj= (d1*JNOT REPRODUMtLE

LAJ ~A L+r.AO*iHd
LAJ2' =LA'J*LUA'J
LA J3' = LA"J*LAJ2

r r-A(!')+1./LAJ2

EG(I:) = UGCI+JAJ2/LJ
r;(V) = Er:()+J,'J/LAJ2

FR)= FA!+.LJ

EMK2 K) = E I '( ) +J 1 LA J

IFr (J-Cl*(K)+J ) 1.
251- E(l') = (lK)-CT(!,)

7 (01) =-A

E K -EC)K
2)( .) * (-r~/n' r :~ n , ,I10 F V1K A 0*)0 I'

F. A ( 1)' 2. * r/Y ( 1,)

r, (2 . *r) 1 t'q~,n)/fr~l K)*F;(~-(ln I*r))F12
2 C ( C) =2 */r(I)/101PT r2

n r.

C)A G,0

rnr

OAP,=0.

0.0



v:rITF cc~)ALr rAl,Ir,C
2 Io FrrptrT ckr!'.F)

Ir (fl-Cl) 3WV,29,35111
29~ JPACS JPASS+1

3'I F W PAVVc,3 3 I~f 3 1 ;,3

3 2" AMC = Aflr+Trll;
rA'= rC ,,+Tr1,I:

3 Ii , I i . .

1=CAr Cr

CA LL L I T~rp
ALI = ALC

OU= GAC

A = nfL(

r.A( = C.AC+rCAI

Cfl Tr 230:

I T I. A,!1

tP"T =

r n
1 =

rT 3r"!, d=2, "
I LAr' = 11LA+rfl1rl**(J-l)
ltrT = WTI1
Ir F(-L) 3, 37 , 3-,(

37f, IAVO(= I I-M,
ArT(rK) = ItrT

L L+l
3'i r 'fTTI PUr

VFr ITF(C3)
3 U(. CAT (I,1;,l1'UPTfATA,/)

'vFCIT T (SOi ALMPIA = F1,-,,2X~u11TI'4T/' 1-1r2.U',2,:,1ArtT J1.F
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I ~ .!RITr (G,'ilOl)
h10 FrpAT (/,lX4Orut'(LATIVr)

1,15 rnrt1,AT (13t, or ArrirrS, 71",1IOIfX 10*(4,X1'Aj = -
L = 10I ~ :RITF (6,420) L,PrT(J),LAl*(J)

420 FCPIIAT (~ ,2~r.~5~9I
430 L = L1

I (GO TO 46"

450 FOflPAT (,I!TR~Y ANOTIFP IIWTI'op rop. OPIVInrr lf'ITIAL VALlJim

'470 STOP
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VI. SAMPLE TEST CASES

Since Navy accident data is classified, it has been necessary to

set-up sample statistical information that will serve as a set of rep- 4

resentative cases.

Included in this section are a listing of the accident data used,

the computer print out for the four sample cases, and the graphs that

relate to each case.
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TEST rASE DATA

32

1693. 4.
2545. 5.
3510. 3.
4361. 3.
5205. 4.

690 . 5. .. l
10306. 5.
7381). 4.
14255. 5.
140C63. 7.
14890. 7.
16256. 5.
16400. 5.
17174. 6.19668. 5.i,!20670. 6.
18686. 6.
1731C. 8.
19910. 6.
20983. 10.
39898. 12.
42016. 12.
43122. 9.
493C4,. IF.
I2673. 11.
43177. 11.
36686. 6.
42C11. 10.
39322. S.
35735. 14.

32
0. 0.
1693. 2.
251 5. 3.
3510. 1.
4361. 1.
5205. 2.
6Is9 0. 3.
8059. 3.
10306. 2.
7380. 3.
14255. 2.
14063. 3.
14890.
16256. 3.
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-2.

1717b i
19668. 4

*2r679. 3.

* 17316. 6 .
19910. 3.
20'9C3. 5.
3098. a.
'2V 16. 7. A

4~3122. p?.
4 I93C4#. 8.A
4~2G73. 10.
4 3177. 7.
36686. 5.
4 2G11 . 7.
39322. 6.
35735. 9. ~,

32
G4~. 1 .
3. 0
130. 2.
334i. 7.
681. 4
1827. 4
973. 1 .
719. 1.
14i30. 3.
1512. 2.
1726. 3.
2510. 4.
3290. 4
3221. 4

-'224~7. 4i.A
27G8. 4i.
33C5. 5.
4~197. 5.
3990. 5.
4509. 7.
5512. 5
9168. 13. -

8676. 11.
10285. 12.

~' -124i99. 6.
A 11315. 15.

12271. 12.
15088. 13.
6869. 3.
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321
64. i
3. 0
130. c.
334. 2.

1827. 1

973. 0.
719 0i.
143~. 1
1512. 1
1726. 1

2510. 2.
3221. 1.
2247. 2.
2768. 1.
3385. 2.
4197. 1.
3990. 2.
4509. 3.
5512. 2.

8676. S.
10285. 3.
12499. 1.
11315. 4.
12271. 3.
15088. (,
6869. 2.
3792. 2.
7083. 5.
5482. 0.
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I I:PUT DATA mOPi F I FP CUULATVF I 'PUT DATA

tlUi'Pr'P Al PrRAFT t'UHPFR A I !'PrAFT POURS ACrPiDFVdT
or AcrIPEI;TS !OURS OF ACtIPr:TS X RA**(-F) P TF

0;. .3.6267
4. 1093. 9. 0.423c 19.6C4Ii
5. 251 5. 12. 0.77110 8.5470
3. 3510. 15. 1.210J9 6.E-792
3. 43 1. 19. 1.7314 7.6-849

520 . &, (,,,V, 7.7042

5. 30. 3 3 7.4451
C.. 35. 4.2169 4.C515
5. 1030. 39. 4.9549 5.4201
.3 3.51075

5. 1 ... 51. 7. 7CC7 4.977C
7. 1f53. 5. 9. 27 .711
7. 63919. 13. 1.9013 2.075"
5. 12 2. 16p. .. 12.5413 .. W
15. 1,;06. 174. 4.6r 7 3.4937

,7,37. 19 21. -"255 1.5525. 1OcC,: 5. 1 3 I 2.9015 ,
6., ,,,, 7 9 91. M 1 2 3. 2110J"

G. 14,6 90. 2 1.93C5 4. 6287 1 .,15. 23. C04C 3.V'13C ,:;

G 1910. 11. 25.9M 48. 7MR .2i; (.9,"3. 12 7. 29.C72"C 3 .00I77

12. 39322. . .174"2 2.85C112. 2 f., 1 G. 1148. 3C. Itv'ck 2 .f:PC 7 1
9. z3 12) 2.,.  163. 43. It"22 ; 3. [3G7

15. 4 9 3 G - 17 It. 4 7 .6901 2 5 777 7
11. 4 2 G7 3. 1 u,5 . 52 .IT 78 2.5477.
11. 43177. 191. 55. M,7i 1.6355G. 36GO.G. 201. 59. 9375 2.34 68
10. 42611. 219,. 63.C8697 2. 0345

8. 3932). 22 3. 67. 4432 3. 9177
~35735.

IM!PUT IWITIAL Af'P FIV!AL RATFS Aflr ItVTFPf,,FPIATF RATF AtD CUMULATIVE
ACCIDFfTS USINC FOrIAT 4F5.1
11.0077 Fr'TFR DATA.
11.5 2.r 3.0 100¢.0
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IIf

A L IVA r~t'.(!A r
9.hIO) 0.'r7773LOC2 5C .5752 G1&

2.13f0741589 7.0 379552,1 0.' 0224 1t". F-2631226
2.17228889 6. 2 93626 I.'20H13 'J.C8C15752
1.542223 r 4. 97937107 0.9,883957 27.12139c93

OUTPUT PATA

AI.PI'A 2.1722889 r.Af!A 6.26936626 1't1 = 0.9r208PhG3

rUi:ULATI Vr
t!UI:rPvr AI"PCAFT I'OURr Arr CIPFrT

Or Ac.PFr:Tr X 10**(-Ii) RATF
1.2581 7.5003

20 2.C8 6.6191
30 'i.. 37

40 6.109G 5.2699
50 8.1191 '.75766, 1.1335 i.330l

70 12.7587 3.9732,{ 15. 3881 3.6754&
10 18.2101 3. It2CQ

1 211 . , .r3.2193
110 2 I. t I I 8 3.01 bC2
120 27.8186 2.9 0,10
130 31.3It82 2.7410

35. 0 19 h
15(1 3(.0177 2. 9nC3
16, '2. 7291 2. 5262
170 h G.7'02 2. iG77120, 50.C385 2.;128,

190 55.0125 2.3781
201 59.2519 2.311Ii t
210 G3.51175 2.315;
22C. 67.0911 2.2919

I

230 72.2755 2.2721
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FIGURE 5

CASE 1

ACTUAL AIRCRAFT ACCIDENT DATA
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FIGURE 6

CASE 1

ACTUAL CUHULATIVE ACCIDENTS 
VERSUS ACCIDENT RATE
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FIGURE 7

CASE 1

APPROXIMATE AIRCRAFT ACCIDENT CURVE
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FIGURE 8

CASE 1

APPROXIMATE CUMULATIVE ACCIDENTS VERSUS ACCIDENT RATE
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rAsr 2 IoO,

ItPUT DATA tr.PIFIF n CUPULATIVF I'PUT DATA

trUf!rFP, AIrPRAFT fUIIPFP A I rfrAFT VOURS AerlI)PFT
OF AiFeIIFt!TS 1OURS OF ArrIPRlTS X l0**(-4) RATE

V. 0. 2. 0 .1693 11.9134

2. 1693. 5. 0.4238 11.7878
3. 2545. 6. 0.7748 2.849P
1. 3510. 7. 1.2109 2.2931
1. 4361. 9. 1.7314 3.8425
2. 5205. 12. 2.3014 4.6225
3. 6490. 15. 3.1863 3.7225
3. 8059. 17. 4.2169 1.9406
2. 10306. 20. It.V549 4.0650
3. 734C0. 22. 6.3L"04 1.4030
2. 14255. 25. 7.7cr7 2.1333
3. 14063. 29. 9.2757 2.6864
4. 14890 . 32. 10.9013 1.9455
3. 1625C. 34. 12.5h13 1.2195
2. 16,100. 3C. 14.25t7 2.3291
4. 17174. 42. 16.2255 2.0338
4. 1966. 1;5. 1C.2934 1.4507
3. 20679. 49. 20.1620 2.lh4p6
4. 1866. 55. 21.8936 3.4650
6. 17316. 58. 23.8840 1.506C
3. 19910. 63. 25 2.3829
5. 20983. 71. 29.9726 2.0051
8. 39898. 78. 31.1742 1.E66C
7. 42010. 86. 3C.4 64 1.8552
C. 43122. 94. 43.43228 1.6206
8. 49364. 104. 47.6901 2. 31

10. 42673. 111. 52.070 1.6212
7. 43177. 116. 55.6764 1.3629
5. 36686. 123. 59.9375 1.6428
7. 42611. 129. 63.8697 1.5259
6. 39322. 133. 67.4432 2.5185
9. 35735.

IIIPUT IMlITIAL At!! FI!AL RATrS AND INTERMFrIATF RATS AM!D CUI1ULATIVE
AC rIFIITS US1t1r, FORtIAT 4F5.1
t.0077 EtTER DATA.
4.5 1.5 2.0 50.0
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SU(CFSSIVF A PPPOX IVAT: O'S

ALPI!A CAIIIIA flu
1.5000000 3.¢0001|1000 0.96479928 34.07G96533
1.58477497 2.0077037, 0.97043335 15.920524 6C
1.59876156 1.94672012 0.97252291 11.428367GC1
3.484C4584 4.59255791 0.834091C4 249,.2167OCc7

OUTPUT DATA

ALPHA 1 1.59876156 AfIIA • 1.91467212 tlU 0.97252291

CUIIULATI VE
IfUI1.FR AIRr.,AFT flOURS Are I PE!T

OF ACCIDEIPTS X 10**(-4) RATE
10 3.1E158 3.1137
20 6.4653 2.7453
30 10.3365 2.466s
40 14.6026 2.2555
5 19.2256 2.0958
Gr 24.1611, 1.974.9
70 29.3639 1.8C3580 34J.7879 1.814 2
90 40.3979 1.7C18

100 46.1432 1.7222
110 52.110811 1.6922

12C 57.96341 1.6695
130 63.0.93 1.6523
140 70.0690 1.6393

14

I

54i



FIGURE 9
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FIGURE 10

CASE 2
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FIGURE 11

CASE 2

APPROXIMATE AIRCRAFT ACCIDENT CURVE
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FIGURE 12

CASE 2

APPROXIMATE CUMULATIVE ACCIDENTS VERSUS ACCIDENT RATE
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CASF 3

S1?PUT DATA 11OflFIrr r.iJ1ULATIV\F I1PUT DATA
PI1t, ER AIlrRAFT uf~n A I PRAFT I'C'URS A1teIDFNTOF Arr I Fr:TS HIOURS OF ACr'prrTS X 10**(-h) RATE

.64. 1. C.O'G4 156.25010. 3. 3. 0.01197 150.37602. 130. 10. 0.0531 209.58097. 334. 14. 0.1212 58.7372,. 681. 18. 0.3039 21.G938u. 1827. 19. 0.4J12 10.27751. 973. 20. 0.4731 13.9C821. 719. 23. 0.6161 20.9790
3. 1430. 25 0.7G73 13.22752. 1512. 28" 0.9399 17.38123. 1726. 32. 1.19r.9 15.93634. 2510. 36. 1.5199 12.15814. 3290. 40. 1.F420 12.41854. 3221. 44. 2.r667 17.80154. 227. 4R. 2.3435 14.45094. 2768. 53. 2.F8? 14.77105. 3385. 58. 3.1017 11.91335. 4197. 63. 3.5007 12.53135. 3990. 70. 3.9516 15.52457. 4I509. 75. 4.502C 9.7115. 5512. 88. 5.4196 14.179913. 9168. 99. 6.2872 12.678711. 8676. 111. 7.3157 11.067512. 10285. 117. 8.5656 4.8004
6. 1299. 132. 9.6971' 13.256715. 11315. 144. 10.9242 9.779212. 12271. 157. 12.4330 B.16113. 150)88. 160. 13. 1199 4.36743. 6869. 167. 13.4991 18.45997. 3792. 178. 14.2074 15.530111. 7083.
0. 5482.

I N PUT INITIAL Atl FINAL RATES Atli IUlTERIFPRIATF RATE ANn MUHULATIVEACCIDEITS USIfr FORMAT 4F5.1
M.0077 EFMTFR DATA.
42.0 10.0 22.5 60.0
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A L PIA rAIV[A N!0
j0.j;(0 V00 32.C0r000r(,f 0.95o3093C 0.921G

9.890080331 33.211765137 0.95G114713 0.57&24~3770
9.86445i332 32.56cs21' 0.~99C1471 l'.577000GI
O.C6572552 32.601511051 C.95897353 0 57799111:

17OUTPUT 'VATA

Ai.PPA 9.C445t332 IIAF'I'A =32.5G52Cl~vI, N) = 1) 059('1471

r'jtfl~kLAT I kyr
trtIirr AI!Zeflt.rT iniC'P ArreI nrp"

or Arr~rr?'TS X 1V**(-Il) nATF
10 0.2721 32.2r; 5
20 0.0417 2ir'
311 1.Mr9 M~540~

Gr 3.12C215

70 3. 9) 43 11.c7'%7

or, 5e7325 1101.6501
100 6.63u56 .'l
110 7.G586 1r,. 2 0 4G
120 C6 45 11f.VB83
130 O.C'i07 10. I11li
140 10.C425 9.9614
150 11. fC 9.9202
16GO 12.C5CO 9 .9064
170 13.6672 9.U"021
180 1I&. C7U'G 9 .u32P6)
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FIGURE 13

CASE 3
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FIGURE 14

CASE 3
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FIGURE 15

CASE 3

APPROXIMATE AIRCRAFT ACCIDENT CURVE
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FIGURE 16

CASE 3

APPROXIMATE CUMULATIVE ACCIDENTS VERSUS ACCIDENT RATE
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Ip

I :PUT ITATA ,flnflI F I r'V pjI;hLT V" l'PIIT nATAf,'UI.FP, A PrrArT t''trrr A I P'RAFT NIr URS Ar I P, FI,VTOF ArrlnFrTS I!OrJ.f or Arerlrr'T ; 1**(-) RATF0. 61. 2. 0,0531 37. GGi+
o. 3. 3. 0.1212 14.6&43*0. 13U. It. 0.3039 5.47352. 334. 5. C.C Lil 3.2311. Gr. Li. 0.7673 6.61381. lE27. 7. 0.9399 5.7937* . 973. 9. 1.1909 7.96810j. 719. if). 1.5199 3.03951. 1431. 11. 1.C420 3.1r041. 1512. 13. 2.CGG7 8.90081, 1726. 1~. 2.3435 3.61272. 2510. 16. 2.G, IC 5.9c,841. 3299. 17. 3.1017 2.38271. 3221. 19. 3.5007 S.C1252. 2247. 22. 3.951; 6.G5341. 276". 21. 4.5028 3.62842. 3345. 29. r. 419C 5.1153C1. 1,1 7. 34. 6.2"7" r.76302. 3 9 ". 37. 7.3157 2.919

2. 5512. 4'c 9.G971 3.53515. 91!38. 45. 10. 924 2 2.I44485. 427C. 51. 12.4335 3.97673. C205. 53. 13.1199 2.9116
1. 121 9. 55. 13.4,991 5.27133. 1131". 6r,. 14.2C74 7.0.592
3. 12 71
6. 1501d,.
2. 6',r9.
2. 3792.
5 . 7 , 3 ,0. 5IfC2

IIIPUT IIITIAL AIN FItIAL flATES AD ItITFREIMATF RATE ANJD CUM1ULATIVE.ArriDFfTS USI, FORt'AT IsF5.1
M1.0077 EINTER DATA.
a.0 3.0 4s. r 30.r,
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SUe.1ESSIVF APPROXII T1IOt'Ie

ALPTA rAIMA flU
3.00 00000 5.00000M6W 0.94776571 3.32456112
2.731&1629 5.054G5126 0.94653177 1.C13081198
2.71273613 4.783356G7 0.951614692 1.53015137
3.51560C20 5.c012G530C 0.921314029 3.36095905

OUTPUT nATA

ALPI'A - 2.71273613 (NAtI1A = Ii.78335667 1!U = 0.95164C92

CUMIULAT I VI:
VUIIP F R AI RrRAFT IOURS ArrIrflIT

OF ArrI"FITS X 10**(-.) RATr
10 1.5306 5.77148
20 3.5124 4.5781
30 5.9293 3.81191
10 . 7216 3.4r050
50 11.C37 3.1345
60 15.0971 2.9697
70 13.5333 2.CG93
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FIGUU 17
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FIGURE 18

CASE 4

ACTUAL CUMULATIVE ACCIDENTS VERSUS ACCIDENT RATE
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FIGURE 19

CASE 4

APPROXIMATE AIRCRAFT ACCIDENT CURVE
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FIGURE 20

CASE 4

APPROXIMATE CUMULATIVE ACCIDENTS VERSUS ACCIDENT RATE
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Ip

SUMIARY

This report has presented a method of predicting aircraft accidents

using the pure birth process and relating accident rates directly to

the total number of past accidents.

Other methods used to predict aircraft attrition were also included

in order to demonstrate weaknesses and strengths in these various methods

and in the pure birth method. Then depending on particular characteristics

of a case, the most accurate prediction method can be employed.
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APPENDIX. PARTIAL DERIVATIVES OF Q

Q - (c, y, U)
a! nk-i 1 2{ E - tk 2  k

S 1

k-1 jO =0 k-1

nk-1 1
where Aji a + yJ, Ek  Zt k .

3Ek

L 2

3Ek 2 E

ayJX 1 2

aEk (ijvi

-- =- 2L j

ay Ek . J3
all E 1 Xj2

a2Ek - 2E 1

J

!2Ek . 2

3y2 Xj3

a2Ek =2Y2  E. 12(,,J)2 _ i (j-l)kJ

a2Ek 2 124J--1-

I@ Xj 3  2
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All of the summat ions indicated above run from J-0 to J-nk-l. The sum-

mat ions below run from k-i to k-rn.

aa 33k

-~ 2.- Zk -

aEk

= £ Ek-

2q E( Ek )2+EpBE

a 2  3Ek )2 32Ek
E u + Ek~.

a2 9Ek)2 + k E2E

ac~ .§4 - - + Ek

a2Q 32Q 3

~2Q _ 3E )2 EkaE
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